The properties of radiation created by a classical ultrarelativistic scalar charged particle in a constant homogeneous crossed electromagnetic field are described both analytically and numerically with radiation reaction taken into account in the form of the Landau-Lifshitz equation. The total radiation naturally falls into two parts: the radiation formed at the entrance point of a particle into the crossed field (the synchrotron entrance radiation), and the radiation coming from the late-time asymptotics of a particle motion (the de-excited radiation). The synchrotron entrance radiation resembles, although does not coincide with, the ultrarelativistic limit of the synchrotron radiation: its distribution over energies and angles possesses almost the same properties. The de-excited radiation is soft, not concentrated in the plane of motion of a charged particle, and almost completely circularly polarized. The photon energy delivering the maximum to its spectral angular distribution decreases with increasing the initial energy of a charged particle, while the maximum value of this distribution remains the same at the fixed observation angle. The ultraviolet and infrared asymptotics of the total radiation are also described.
Introduction
The form of radiation of an ultrarelativistic charged particle moving in a crossed electromagnetic field is discussed in many textbooks and papers (see, e.g., [1] [2] [3] [4] ). However, according to these approaches to the problem, the radiation reaction acting on a charged particle is completely neglected or taken into account only as a small perturbation. This is not always a justified approximation, especially when the external electromagnetic field is strong enough or the particle spends a sufficiently long time in the field [5] [6] [7] . We describe (to our knowledge, for the first time) in detail the properties of radiation created by a classical charged scalar particle entering a constant homogeneous crossed electromagnetic field and moving in it for an infinite time with radiation reaction taken into account.
Our investigation shows that, loosely speaking, this radiation consists of two parts: the first one is an intense hard radiation created by a charged particle at the entrance point (we shall call it, for brevity, the synchrotron entrance radiation), and the second one is a comparatively weak soft radiation formed on the latetime asymptotics of particle's trajectory (the de-excited radiation) [6] . The properties of the synchrotron entrance radiation resemble the properties of an ultraviolet asymptotics of the synchrotron radiation. In particular, the maximum of the spectral density is reached at the photon energy the same as for the synchrotron radiation, and the most part of the radiation is concentrated in the cone opening of the order 2γ −1 , where γ is the Lorentz factor. It is this radiation which is subject to considerable quantum corrections at high external field intensities. Notice that this is not the so-called edge radiation (see the definition, e.g., in [8, 9] ). The de-excited radiation is soft, its spectrum stretches from far-infrared to hard X-rays (for γ ∼ 10 4 and the field strengths corresponding to the intensity I ∼ 10 22 W/cm 2 ), and the quantum corrections to it are negligible. We find the region of observation angles and energies of photons where these two types of radiation can be discerned and observed.
Besides that the synchrotron entrance and de-excited radiations are distinguished by the ranges of the photon energies and observation angles where these radiations are concentrated, it turns out that they possess distinct polarization properties. The de-excited radiation is almost completely circularly polarized, while the synchrotron entrance radiation has mostly a linear polarization. We present a detailed description of the polarization properties of these two types of radiations.
The study of properties of radiation of an ultrarelativistic charged particle in a crossed electromagnetic field is important for two reasons, at least. First, in the ultrarelativistic limit, every electromagnetic field becomes crossed in the momentary comoving frame. So we may expect that, in a certain approximation, the properties of radiation we discussed in this paper should be inherent to any electromagnetic field, which can be considered as constant and homogeneous on the radiation formation length scale. Second, the crossed field approximation is the standard one [1, 10] in considering the radiation of charged particles in strong laser fields. The intensity of the laser radiation, which will become accessible in the nearest future [11, 12] , allows one to observe the radiation reaction effects we discuss [5-7, 10, 13-15] . The study of classical radiation is relevant even in that domain of parameters where one expects considerable quantum corrections. In this case, the classical results can be used to distinguish clearly the quantum corrections. This idea was employed, for example, in a recent proposal [16] . Notice that the numerical simulations of electron's dynamics and its radiation in a strong laser wave and in crystals with radiation reaction taken into account already present in the literature (see, e.g., [13] [14] [15] [17] [18] [19] [20] [21] [22] [23] ). However, the problem of radiation of electrons in a crossed field has somehow escaped the scope of these papers.
Notation and solution to the equations of motion
The action functional of a charged particle with the charge e and the mass m interacting with the electromagnetic field A µ on the Minkowski spacetime R 1,3 with the metric η µν = diag(1, −1, −1, −1) has the form
where
is the strength tensor of the electromagnetic field, and the speed of light c = 1. The Landau-Lifshitz equation in the natural parametrizationẋ 2 = 1 is written as [24] mẍ µ = eF µνẋ ν + 2 3 e 2 e mḞ
For the thorough discussion of its applicability to the problem at hand see, e.g., [6, 7] and references therein. Let us choose the Compton wavelength l C := /mc as the length unit:
Then Eq. (2) is reduced toẍ
where x µ , τ , f µν , and λ are dimensionless quantities, and f µν = sgn(e)F µν /E 0 . It is useful to bear in mind that the electromagnetic field strength is measured in the units of the critical field E 0 , and the unit of energy is the electron rest energy:
The modern accelerator facilities are able to accelerate electrons up to 20 GeV and higher, and the intensities of the achievable at the present moment laser fields [25] are of the order 10 22 W/cm 2 . These data correspond to
where ω is the electromagnetic field strength in the laser wave.
The field strength for the constant homogeneous crossed electromagnetic field reads as
where ω is a constant, x − = x 0 − x 2 , and the 4-vectors e µ − = (1, 0, 1, 0), e µ 1 = (0, 1, 0, 0) were introduced. Any 4-vector can be represented in the form
where e µ + = (1, 0, −1, 0), e µ 3 = (0, 0, 0, 1), and j a := e µ a j µ . In particular,
where υ a :=ẋ a , and the dot denotes the derivative with respect to the natural parameter. The solution to the Landau-Lifshitz equation for such a field configuration can be cast into the form (see [26] and also [6, [27] [28] [29] )
The trajectory is written accordingly
where the last equality is the definition of s, and we put x − (0) = 0. The velocity components (10) in terms of this new variable become
We suppose that the charged particle enters the electromagnetic field at the instant τ = 0 and then moves in it for an infinite time.
Radiation
General formulas. The spectral angular distribution of radiation of one charged particle summed over the photon polarizations is written as
Notice that if one calculates the contribution of the boundary points in the integral (14) by the WKB method (when this approximation is applicable) then the leading WKB contribution is canceled by the out of the integral term in (14) . The projections of the radiation electric field in the wave zone take the form
where b µ (α) are the physical photon polarization vectors and R is a distance from the source of radiation to the observation point. The Stokes parameters are
In particular,
In the case of circularly polarized wave, ξ 2 = ±1. At ξ 2 = 0, the electromagnetic wave is linearly polarized and
where ϑ is the angle between the polarization plane and the axis with the unit vector b (1) . The problem is reduced to the evaluation of the integrals (14), where, in our case, τ 1 = 0 and τ 2 = ∞. The out of the integral term corresponding to τ 2 = ∞ is absent in (14) . It turns out that the main characteristics of the radiation created by a charged particle in the crossed field with radiation reaction taken into account can be described analytically with a rather good accuracy.
De-excited radiation. The expression standing in the exponent in (14) can be cast into the form
The coordinates ζ , ζ are coordinates of the stereographic projection of the sphere |k| = 1 to the plane (k 1 , k 3 ) from the pole (0, 1, 0). In the ultrarelativistic limit, r 1 and r 3 are also coordinates of the stereographic projection of the sphere |υ| = 1 to the plane (υ 1 , υ 3 ) from the pole (0, 1, 0). It is convenient to introduce the notation φ := φ + iφ , ρ := ρ + iρ , where
and ψ 0 is the expression in the first line on the right-hand side of equality (19) . In particular, the following relation holds
Using the new notation, This notation is useful for the evaluation of integrals (14) . The integrals determining the Fourier transform of j µ are of the same type as considered in [6] (see also App. A) and are calculated analogously. It is useful to deform the integration contour as it is depicted in Fig.  1 . The radiation created by a de-excited charged particle corresponds to the case (i) in (59). Let us change the integration variable
Then
Having neglected the out of the integral terms in (14) , the contributions coming from the contour C 0 , and assuming that (61) is fulfilled, we obtain up to the terms of the order h 2 :
It is the order h 2 where the leading contribution to the de-excited radiation comes from. Here
The integrals I n (B), n ∈ N, are expressed through the Airy functions (see [6] ). As a result,
In the case when the applicability conditions (38) of the approximation considered are fulfilled, the last term in the curly brackets dominates over the first terms in the square brackets. is given by (30) at θ = 7π/15, ϕ = π/5. The de-excited radiation is not concentrated in the plane of particle's motion. The inset:
The same for θ = 7π/15. The two peaks correspond to the de-excited and synchrotron entrance radiations. The curve for k0 = 0 coincides with (55). c) The dependence of the spectral angular distribution on the initial energy of a charged particle at θ = 7π/15,
The maximum of the curve is well described by (29) , (30) So, according to (9), (13), the spectral angular distribution of the de-excited radiation has the form (cf. [6] )
The maximum of this radiation is reached at the photon energy
where B ext ≈ 0.8, and it is supposed that φ ≥ 0. If
which are satisfied as a rule, then
In contrast to the synchrotron radiation, the right-hand member of (30) depends rather weakly on the energy of the incident particle. In increasing the energy, the magnitude of k m 0 slightly declines due to decreasing of ϕ and tends to a finite value independent of the incident particle energy (see Fig. 2 ). At that, according to the approximate formula (29) , the value of the spectral density at the maximum does not virtually change.
The numerical simulations show (see Fig. 2 ) that there exists a region of observation angles where formula (29) provides a quite good approximation for the spectral density of radiation for all the photon energies. In this case, one can derive the angular distribution of radiation integrating (29) over k 0 . Since
we deduce
This expression tends to infinity for |ζ| → +∞ or φ → 0. The first case corresponds to the radiation along the x 2 axis. The second case refers to the observation angles lying in the plane of motion of a charged particle. In the both cases, formula (29) is not valid (see the applicability domain (38) and Fig. 2 ). Employing (17) and (26), it is not difficult to find the expression for the Stokes parameter ξ 2 of the de-excited radiation. Up to the terms of the order h 2 , we have
In the parameter space we consider, the leading contribution gives the last term in the curly brackets. Then, in accordance with (17), we derive
The series for B large is asymptotic. In particular, at B = B ext , we have
i.e., the radiation is almost completely circularly polarized. The value (37) of the Stokes parameter at the maximum is universal. The plot of the dependence of ξ 2 on the angles and the radiated photon energy is given in Fig. 2 .
One can find a rough estimate for the applicability conditions of the expressions (26) . These conditions define the domain of energies and observation angles where the de-excited radiation dominates. The derivation of these conditions is obvious but rather awkward. We present only the final answer:
Here a) is the condition that the last term in (28) is much greater than the first one; b) is the condition h 2 1; c) is B 1 what is necessary since (29) is exponentially suppressed for B large; d) is the radiation formation condition (the saddle points are located sufficiently far from the integration contour boundary); e) implies that the contribution (29) dominates over the contribution coming from the contour C 0 . Graphically, these conditions are depicted in Fig. 2 .
Despite the fact that we consider the radiation of a particle that enters the electromagnetic field and then moves in it for an infinite time, let us estimate the formation time of the de-excited radiation. In terms of the variable (24), the de-excited radiation is formed when
Hence, keeping in mind (38), we obtain
Eventually, employing formula (11) of [7] , we come to (cf. (17) of [7] )
where the notation of [7] was used.
Synchrotron entrance radiation. The ultrarelativistic particle entering the crossed electromagnetic field produce an intense hard electromagnetic radiation. This radiation resembles in many respects the ultrarelativistic limit of the synchrotron radiation. In particular, we shall see that the maximum of the spectral density of radiation is reached at the photon energy which is described quite well by the formula for the synchrotron radiation, and the most part of the radiation is concentrated in the cone opening 2/γ. However, the form of the spectral angular distribution deviates from the ultrarelativistic limit of the synchrotron radiation due to the fact that the acceleration of a charged particle changes stepwise when it enters the electromagnetic field. This is not the edge radiation [8, 9] , which is a long-wavelength radiation. Though, of course, the distortion of the synchrotron spectrum is the "edge effect", i.e., the result of the abrupt change of particle's acceleration. A similar radiation was discussed in [30] . The derivation of the spectral angular distribution of radiation of an ultrarelativistic particle entering the electromagnetic field is analogous to the derivation of an ultrarelativistic asymptotics of the synchrotron radiation (see, e.g., [24, 31, 32] ). It is convenient to parameterize particle's worldline by the laboratory time t. If the modulus of the radiation observation angle counted from the entrance direction of a particle is less than or of order γ −1 , and the incoming particle is ultrarelativistic, then
where a :=β, β := (βn), and n := k/k 0 . Also The fine structure of the main peak. Formula (44) leads to a spectral angular distribution describing with a good accuracy the real distribution in the cone opening less than or equal to 50γ −1 .
Therefore, up to an irrelevant common phase factor, the electric field strength of radiation created by a charged particle entering the electromagnetic field is
where it is assumed that β ⊥ γ −1 , all the kinematic quantities after the approximate equality are taken at the initial instant of time, and the following notation was introduced:
The integration contour inĨ n (x, D) is shifted slightly below the real axis at t → +∞ so that the integral converges for all Re n > −1. Some properties of the functions I n (x, D) are presented in App. B. The spectral angular distribution of radiation is obtained from (44) by formula (13), the Stokes parameters being given by expressions (16) . The comparison with numerical results is presented in Fig. 3 .
For the forward radiation, β ⊥ = 0 and x ≈ 0. Then it follows from (44) that the radiation is linearly polarized in this case for all the photon energies. The maximum of radiation power is reached at the photon energy
where D ext provides the maximum to the function D|Ĩ 1 (D)| 2 . Formula (46) is in a good agreement with the formula for the synchrotron radiation maximum (see, e.g., [24, 31, 32] ).
Ultraviolet asymptotics. In order to find the ultraviolet asymptotics of radiation, one can use the WKB method for the boundary point in evaluating the integrals (14). As we have already noted, the leading WKB contribution is canceled by the out of the integral term in (14) . The next to leading contribution gives
where the dot denotes the derivative with respect to an arbitrary time parameter, 4-vectors are contracted with the aid of the Minkowski metric, and all the quantities are taken at the initial instant of time. Choosing the laboratory time as the time variable, we arrive at
where a := (an) and β := (βn). In increasing the radiated photon energy, the spectral density of radiation decreases as k
. The applicability condition of the WKB expansion for the boundary point can be roughly written as
This radiation is linearly polarized with the polarization vector independent of the photon energy
If e π and e σ are the polarization vectors of the π and σ components, respectively, then the Stokes parameters in this basis are ξ 1 = 2(e π e)(e σ e), ξ 2 = 0,
The comparison of the ultraviolet asymptotics of the spectral angular distribution of radiation with its exact values is given in Fig. 3 .
Infrared limit. It is not difficult to find the infrared asymptotics k 0 → 0 of the spectral angular distribution of radiation. The Fourier transform of the current density components in this case looks like
Consequently, in the leading order at k 0 → 0, we have
where all the quantities on the right-hand side are taken at the initial instant of time. It is also easy to check that, in this approximation,
i.e., the radiation is linearly polarized. The spectral angular distribution of radiation and the polarization vectors are written as
where e − := (e − n). The Stokes parameters are found according to (51). Notice that formula (55) is exact in the limit k 0 → 0.
Conclusion
We have described in detail both analytically and numerically the properties of radiation created by a classical scalar charged particle in a crossed field with radiation reaction taken into account employing the exact solution to the Landau-Lifshitz equation. The results of numerical simulations illustrating and confirming the analytical formulas are summarized in Figs. 2, 3 . These results clearly show the existence of the two types of electromagnetic radiation, which we call the de-excited and synchrotron entrance ones. These two types of radiation possess distinct characteristic energy scales, polarization properties, and angles of observation. All these characteristics were described in the paper.
A Asymptotics of the function F (φ)
Let us consider the integral
where the integration contour C is depicted in Fig. 1 . This integral is an entire function of a and b. We are interested in the case when
Let us define
We give the expansion of the function F (ϕ) in the following regions
In the case (i), we have the asymptotic expansion
For φ < 0, it is necessary to put φ → φ − i0 in (60) and take the principal branches of the multi-valued functions.
In the case (ii), the standard WKB method gives in the leading order
The condition (ii) guarantees the applicability of the WKB method. In the case (iii), we deduce
The functionĨ n (x, D) (see (45)) is an entire function of the complex variables x and D. The following representation holdsĨ
An analogous expansion is valid forĨ 1 (x, D) with the replacement ofĨ 2n (D) byĨ 2n+1 (D). In virtue of the relations,Ĩ 
The functionĨ 0 (D) (up to the common factor π) is also known as the Scorer function [33] . The hypergeometric function entering intoĨ 0 (D) is an entire function of D and can be expressed through the Anger functions [34] 1 F 2 1; 
In the ultrarelativistic limit and for β ⊥ γ −1 , the magnitude of x is rather small (see (45)). For |x| 1, the expansion (64) is rapidly converging and so one may keep only a few first terms in it. In the case |x| 1, it is useful to employ the other representation of the functionsĨ 0 (x, D) andĨ 1 (x, D): 
where the prime denotes the derivative with respect to D. After the substitutionĨ 0 (x, D) = e ixD f (D − x 2 ), this equation is reduced to the inhomogeneous Airy equation for the function f (t). The solution of this equation is found by the standard means. As a result, we deduce the integral representations: 3 ) ,
and alsõ 
